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ABSTRACT 

We carry out fully three-dimensional (3D) simulations in flake-filled composites with the objective 
of determining the effect of flake shape and orientation on their barrier properties. Our simulations are 
carried out in multi-particle unit cells, each containing up to 4,000 individual flakes. We represent the 
flakes as 2D rectangles of dimensions (l) and (w); this representation is suitable for very thin flakes, 
such as exfoliated nano-platelets of montmorillonite or graphene-oxide. We analyze the effect of flake 
shape on the effective diffusivity Deff and find that square flakes offer the best barrier improvement. 
For constant flake area, the barrier properties are predicted to decrease as the diagonal and/or the 
aspect ratio of the flake increase. We also analyze the effect of flake misalignment with respect to the 
direction of macroscopic diffusion and find that, in a manner similar to what has been seen in 2D 
systems, the decrease in Deff with flake loading and/or flake diameter is less severe as the degree of 
misalignment increases. Finally, fully 3D systems are compared to systems in which one flake 
dimension is progressively approaching the dimensions of the unit cell, thus rendering mass transport 
essentially two-dimensional. We find that in this case the predicted Deff is lower than that of a system 
in which mass transfer is three-dimensional in nature. 

1. INTRODUCTION 
The topic of diffusion across flake filled systems has attracted some attention in recent years and 
several studies have been published [1-6]. This is because of the promise of flake-filled composites in 
general, and nano-composites in particular, as barrier materials. In such materials, the topology of the 
inter-flake space is characterized by a much higher tortuosity than that of particulate or fiber 
composites at comparable loadings. As a result, there is a promise for substantial improvement in 
barrier properties at very modest flake concentrations. According to available two-dimensional results 
[7-10] (strictly suitable for ribbon composites but taken as a conservative limit of an actual three-
dimensional flake system), using perfectly aligned flakes of aspect ratio 300 at 1% volume fraction 
would increase the Barrier Improvement Factor (BIF, defined as D0/Deff, where D0 and Deff are, 
respectively, the diffusivities of the diffusing substance in the matrix material and in the composite) 
between 400 % and 550 %. The effect of deviation of flake orientation from perfect alignment and, in 
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particular, the effect of orientational randomness on BIF have recently been studied by [8-10] and 
models have been proposed which are in excellent agreement with computational results in two-
dimensional unit cells, each containing many thousands of individual flake cross-sections. However, 
all these results are strictly valid for ribbon composites and their relevance to three-dimensional 
reality is yet to be proven. It is fair to say that there has been no comprehensive study of three-
dimensional diffusion in flake composites, which would cover a large range of the pertinent 
parameters. The effect of the shape of flake cross-section remains unclear as is the effect of mis-
orientation. Finally, the relevance of existing and well-studied models for fully-aligned systems [7, 
10-12] to three-dimensional reality is not proven. In this study we carry out a comprehensive 
computational study of diffusion in three-dimensional, multi-particle unit cells with the objective of 
giving answers to these questions. 

2. COMPUTATIONAL 
We carry out steady-state diffusion computations in three-dimensional unit cells using the open 
source software package OpenFoam. Each unit cell is a cube of length size (H) and contains N=4,000 
individual flakes. To better approximate flakes relevant to nano-composites, in which the flake 
thickness is much smaller than the planar flake dimensions, we represent each flake as a two-
dimensional rectangle of length (l) and width (w). Each flake is characterized by an aspect ratio (r), 
defined as r=l/w. The flakes are placed within the unit cell using a random sequential addition 
procedure, in which random numbers assign the centroid coordinates of each flake. In randomly-
oriented configurations the orientation vectors are assigned random values and, based on these, the 
flakes are rotated at the X axis then the Y axis and finally at the Z axis. In the cases where the flakes 
are unidirectional, the rotation is applied only to the Z axis thus rotating the flakes perpendicular to 
the direction of diffusion. Example geometries are shown in Figure 1.  

The equation solved is  

02 =∇ C  
       [1] 

  
Subject to the following boundary conditions 

(i) On the surface of each flake, an adiabatic condition is imposed (𝜕𝜕𝜕𝜕 𝜕𝜕𝒏𝒏� = 0), where (n) is the 
  direction of the unit vector normal to the flake surface. 

(ii)  On the “top” and “bottom” surfaces of the unit cell, constant concentrations are applied, so 
  that a macroscopic concentration difference ΔC is established across the unit cell. On the  
  sides surfaces of the unit cell, cyclic boundary conditions are applied (Cleft=Cright and  
  Cfront=Cback. 

Solution of Eq.(1) supplies the concentration (C) and the concentration gradient (𝜕𝜕C/𝜕𝜕𝒏𝒏) at each 
position of the domain. Figure 2 shows a representative concentration field as well as a representative 
distribution of mass flux on the top surface. Once the mass flux (Q) on the top surface is computed, an 
effective diffusivity (Deff) can be determined from Fick’s law as 
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Figure 1: Example geometries containing 4,000 randomly placed flakes. (a) unidirectional flakes, 

(b) detail of unidirectional flakes, (c) Flakes with random orientation, (d) Detail of randomly 
oriented system. Some flakes appear to be smaller; this is due to their intersection with the 

boundaries of the unit cell, as required by geometric periodicity. 
 

 
 



3. RESULTS 
In the following we will focus our attention on the analysis of computational results as they pertain to 
composites containing flakes of varying aspect ratio (r), aligned perpendicular to the direction of bulk 
diffusion and composites containing unidirectional flakes forming an angle (θ) with the direction of 
macroscopic diffusion. The flake aspect ratio ranges from 1 (square flakes) to 16 and the orientation 
angle (θ) from 0 to π/2. Example geometries are shown in Figure 3. We also study the case of ribbon 
composites, namely composites containing flakes with one dimension approaching the size of the 
containing unit cell. This allows us to evaluate the effect of the three-dimensional nature on mass 
transfer on the effective diffusivity of the composite. We have carried out simulations in over 2,000 
individual geometries, each differing in terms of flake dimensions, flake placement and flake 
orientation, such as shown in Figures 1, 3 or 5. To the best of our knowledge, this is the largest such 
dataset that has appeared in the literature to-date. 

    

  
 

Figure 2: Example concentration fields in a 3D flake system containing randomly placed flakes 
oriented perpendicular to the direction of diffusion (left). The figure to the right shows the 

distribution of mass flux on the top surface. The position of the flakes below the surface can be 
inferred by variations in the mass flux. 

3.1 The effects of flake misalignment and flake aspect ratio 
In the following we focus our attention to systems in which the flakes show a uniform deviation from 
perfect alignment, expressed by the angle (θ) formed between the Z-axis (direction of macroscopic 
diffusion) and the plane of the flake. Example geometries are shown in Figure 3 and the 
computational results are summarized in Figure 4, illustrating the effect of flake shape and 
misorientation on the effective diffusivity (Deff).  
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Figure 3: 3D unidirectional flake configurations for (a) θ=45o and (b) θ=90o. The number of flakes 

has been reduced to 500 for clarity. 

It is clear from Figure 4 that misalignment reduces the barrier factor (increases the effective 
diffusivity) compared to the fully aligned system with θ=0. This is in agreement with earlier results of 
2D simulations [9]. It is also interesting that as the parameter 𝛽𝛽 = 𝛮𝛮 𝑙𝑙𝑙𝑙

𝐻𝐻2 √ 𝑙𝑙2 + 𝑤𝑤2 increases, the 
effective diffusivity of a fully aligned composite will decrease monotonically, while Deff of 
misaligned systems appears to approach a plateau value. It is noted that since in each of the graphs of 
Figure 4 the aspect ratio of the flakes is constant, increasing the parameter β is equivalent to 
increasing the flake width (w). As will be discussed in following section, this makes the system 
approach a 2D (ribbon) composite, which is characterized by a lower value of Deff compared to a 3D 
system. In light of this, the behavior observed in Figure 4 is similar to what was observed in earlier 
2D simulations [9,10] in terms of the dimensionless scaling parameter N(l/H)2. It is noted that in all 
simulations, the results for (r) and (1/r) are identical. 
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Figure 4:   Deff for square flakes (r=1, left) and rectangular flake (r=2, right) at various angles of 
mis-alignment with respect to the Z-axis (only averages are shown since the scatter is smaller than 

the point size). 
 
In the following we investigate the effect of flake aspect ratio (r=l/w) on the effective diffusivity.  
Example geometries are shown in Figure 5.  
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Figure 5: 3D oriented flake configurations for various values of the flake aspect ratio at θ=0o. (a) 
r=4, (b) r=1 (square flakes) and (c ) r=1/4. Number of flakes has been reduced to 500 for clarity. 

 

If we keep the area or the diagonal of the flakes constant and change the aspect ratio we can see the 
effect of r on Deff . Since the values of Deff do not change when (l) and (w) are interchanged, we also 
define the flake aspect ratio as  𝑟𝑟∗ = 𝑀𝑀𝑀𝑀𝑀𝑀(𝑙𝑙,𝑤𝑤)/𝑀𝑀𝑀𝑀𝑀𝑀(𝑙𝑙,𝑤𝑤), so that it will always be r*>1. 
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Figure 6. Deff vs. (r) as other geometrical characteristics, namely flake area (left) and flake diagonal 
(right) remain constant. In both graphs, at r=1 (square flakes) the flake length l corresponds to 

N(l/H)2=5. N=4000 
 
It is clear that maximum barrier effect is achieved by using square flakes (r=1). This is in agreement 
with the results of [1], where it was found that elongated ellipsoidal disks are less effective, for barrier 
purposes, than disks of circular profile. Elongated particles are less effective as barrier materials, 
since they provide shorter alternative diffusion paths around their small axis, than would rectangular 
inclusions. It is also interesting to note that as we deviate from the case of square flakes the effective 
diffusivities are the same if we interchange l and w. This is intuitively correct, since in 3D the axes 
perpendicular to the direction of macroscopic diffusion can be interchanged. 
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Figure 7. Computational results (points) and fit of Deff vs. r* to Eq.(3) (lines). The flake diagonal 

remains constant. 
 

It can be seen that the predicted values for Deff follow the sigmoidal model of Eq. (3) for the full 
range of 𝑟𝑟∗. The best fit parameters were K=2.46 and n=1.56, for the entire range of (r*) and all 
misalignment angles (θ) that were examined.  

Deffr∗ = Deffr∗=1 + (Deffr∗→∞ − Deffr∗=1) ∙
(𝑟𝑟∗ − 1)𝑛𝑛

𝐾𝐾 − (𝑟𝑟∗ − 1)𝑛𝑛
 

[3] 

According to Eq.(3), the effective diffusivity (Deff) of a flake composite containing flakes of aspect 
ratio (r*) can be expressed in terms of the Deff of the corresponding system containing square flakes 
(subscript r*=1) and the Deff of the corresponding ribbon composite (r*→∞). Similar behavior is 
observed in the case of constant flake area.  

3.2 Relation between two- and three-dimensional systems 
In the following we explore relationships between diffusion in 2D and 3D flake composites. It is 
obvious that for any θ, as the width (w) of the flake increases (and thus the aspect ratio r* increases) 
an initially 3D system approaches a two-dimensional one. This transition is illustrated in Figure 8. 
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(d) 
Figure 8: Sample geometries illustrating the transition from a 3D to a 2D system. (a) idealized 2D 
representation, (b) 3D equivalent geometry at w=D, corresponding to a ribbon composite (c) 3D 

geometry with r*=3 and (d) 3D geometry with r*=1. Number of flakes has been reduced to N=500 
for visual clarity.  

 
Figure 9 summarizes the computational results for Deff as w increases from w=l (r*=1) to w=W and a 
range of misalignment angles. It is clear that when the ratio w/H increases, the Deff decreases. This is 
true at all levels of misalignment. Our results confirm the intuitive expectation that the barrier factor 
(~1/Deff) predicted by a 2D analysis will be higher, compared to what a fully 3D analysis might 
predict. 
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Figure 9: Deff versus w/W as w increases from w=l (r*=1) to W (ribbon composite, Fig. 8(b)). Left 
for l that corresponds to α=2.5 and right for an l that corresponds to α=40. Unit cell is a cube 

(L=H=W). At the rightmost point of the graph we approach the 2D ribbon geometry. N=4,000. The 
parameter (α) is defined as α=Ν(l/Η)2 

 

4. CONCLUSIONS 
We have investigated computationally three dimensional diffusion in model systems consisting of 
several thousands of randomly placed unidirectional flakes. Simulation results show that the biggest 
improvement in barrier properties if offered by flakes of square shape. As the flakes become 
elongated, their barrier effectiveness decreases. We propose an empirical model that captures the 
effect of flake aspect ratio on the effective diffusivity. The barrier factor is maximum when the flakes 
are aligned perpendicular to the direction of macroscopic diffusion (z-axis). When the flakes form an 
angle (θ) with the z-axis, the barrier factor is reduced. Finally, we study the behavior of the effective 
diffusivity of flake composites as the flake width increases to approach the width of the unit cell. In 
the limit of this transition we recover a 2D system (ribbon composite). Comparison of the Deff of fully 
three-dimensional systems with that of ribbon composites shows that the latter are characterized by 
substantially lower effective diffusivity. Experimental verification of the presented results by 
comparison to measured transport rates in physical composite specimens containing flakes is not a 
trivial matter. One obvious difficulty is that the internal microstructure of a flake-filled specimen is, in 
general, unknown, in terms of placement (uniform vs. random), orientation and shape of the flakes. 
The advent of 3D printing is offering one possibility for the fabrication of test specimens with 
precisely defined microstructural characteristics. It is therefore conceivable that the results of 
simulations, such as those presented in this study, can be compared to actual mass (or heat) transfer 
experiments, once suitable (albeit artificial) physical models have been constructed. When dealing 
with actual, manufactured, flake composites, the only available miscrostructural information is based 
on micrographs of polished sections of the material, in which the flakes appear as "lines" of variable 
length and orientation. We are currently working on a methodology that will enable us to provide 
estimates of the (true) effective diffusion coefficient of such composites based only on 2D cross-
sectional images. One additional difficulty, particularly relevant to nano-composites, is the fact that in 
such systems there are several additional factors coming into play, most notably a drastic modification 
of the matrix in the vicinity of the nano-flakes. In principle, such inter-phases, albeit of uncertain 
thermo-physical properties, can be included in a 3D model. In any event, simulations such as those 
presented in this work, provide a base-line against which physical experiments can be compared and 
the possible existence of additional operative mechanisms identified.  
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